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The course of his life

1930
1940
1945
1951-55
1955-58
1958
1963
1974
1992
1991+

1997

2022

Comte A F Fourcroy A Floucaud de Fourcroy

Born on November 19 in Besancon, Ecole maternelle, College 1755-1809 18311929
Fled from the Germans to Agen, College

Returned to Besangon, College, Lycee, Classes préparatoires (Maths sup, spe)
Student at Ecole Normale Supérieure in Paris (worldwide highest Nobel prize density per student)

Military service in France and Algeria
Joined Citroén, working in the department for Calculation Methods in Tooling (*)
Married Aliette Dubosc de Pesquidoux

Demotion following Peugeot's takeover of Citroén

Retired PEUGEOT
Invited to give lectures (1991 Biri, 1992 Oberwolfach, 1993 Chamonix, 1994 Ulvik,

1996 Dagstuhl, 1996 Chamonix, 1999 St Malo, 2000 MICAD, 2001 MICAD)

Awarded honorary doctorate (Dr. phil. h.c.) by the University of Bern; further awards:

1987 Seymour Cray Prize, 1996 John Gregory Award, 1998 SIGGRAPH Pioneer, 2012 Bezier Award

Died on March 24 in Versailles, only a few weeks after his wife

*Why Citroén? “Let's say, | went to the most urgent one, the company that was hiring as quickly as
possible and which was, I'll add, closest to the room | had found. There you go.” (Poitou 1968)



HIs (mostly French) Publications:

4 monographies

1985. Formes a Poles. Mathématiques et CAO, vol.2. Hermes, Paris.

1986. Shape Mathematics and CAD. Mathematics and CAD, vol.2. Kogan Page, London.
1987. Les Quaternions. Traité des Nouvelles Technologies. Série Mathématiques appliquées.
Hermes, Paris.

1990. Le Lissage. Traité des Nouvelles Technologies. Série Mathématiques appliquées. Hermes,
Paris.

12 articles

1956, mit J. Friedel: Etude de la résistivité et du pouvoir thermoélectrique des impuretés dissoutes
dans les métaux nobles. J. Phys. Radium 17, 27-32.

1992a. POLynomials, POLar Forms, and InterPOLation. In: Lyche, T, Schumaker, L.L. (Eds.),

Mathematical Methods in Computer Aided Geometric Design Il. Academic Press Professional Inc.,

pp.57-68. Translated by Hans-Peter Seidel.

1993. Polar forms for curve and surface modeling as used at Citroén. In: Piegl, L. (Ed.),
Fundamental Developments of Computer-Aided Geometric Modeling. Academic Press, pp 1-12.
1994. Splines Focales. In: Laurent, P, le Méhauté, A., Schumaker, L. (Eds.), Curves and Surfaces in
Computer Aided Geometric Design Il. AK Peters, pp.91-103.

1995a. Courbes et Profils Esthétiques contre Fonctions Orthogonales (Histoire Vécue). In: Daehlen,
M., Lyche, T., Schumaker, L.L. (Eds.), Mathematical Methods for Curves and Surfaces. Vanderbilt
University Press, pp.73-82.

1997. La Tolérance d'Usinage chez Citroén dans les Années (19)60. In: le Méhauté, A., Schumaker,
L.L., Rabut, C. (Eds.), Curves and Surfaces with Applications in CAGD. Vanderbilt University Press,
pp.69-76.

1998. Intersection methods of convergence. In: Farin, G, Bieri, H., Brunnett, G., De Rose, T. (Eds.),

Geometric Modelling. Springer Vienna, Vienna, pp.77-80.

1999c. De Casteljau’s autobiography: My time at Citroén. Computer Aided Geometric Design
16, 583-586. Translation based on Muller and Schultze (1995).

1999b. In mémoriam Henri de Faget de Casteljau: Son autre passe-temps, la géométrie a travers
I'hnexagone de Pascal. Proces-verbaux et Mémoires de I'Académie des Sciences, Belles Lettres et
Arts de Besangon et de Franche-Comté 193, 91-114.

2000. Intersections et Convergence. In: Laurent, P, Sablonniere, P., Schumaker, L.L. (Eds.), Curve
and Surface design: Saint-Malo 99. Vanderbilt University Press, pp.9-15.

2001a. Au-dela du Nombre d'OR. Revue internationale de CFAO et d'informatique graphique 16,
19-31.

2001b. Fantastique strophoide rectangle. Revue internationale de CFAO et d'informatique
graphique 16, 357-370.

3 internal reports

1959. Améliorations Possibles Apportées aux Techniques de Cotation et de Calcul Numérique (=
Enveloppe Soleau 40.040.) Document no P 2108, registered at INPI Paris. 12 pages. S.A. André
Citroén.

1963. Courbes et Surfaces a Poles. Document no P4147, registered with the bailiff, unpublished., 58
pages. S.A. André Citroén.

1966. Calcul de la Tolérance. Unpublished manuscript of 18 pages. S.A. André Citroén.

4 manuscripts

1983. Formes & Poles: Courbes et Surfaces a Poles. Unpublished manuscript of 34 pages.
Probably submitted to the Académie des Sciences.

1992b. Mon temps chez Citroén. Manuscript of 3 pages on the occasion of his retirement.
Translated into German (Muller and Schultze, 1995) and English (de Faget de Casteljau, 1999a).
1995b. Géométrie Métrique: Essai de définition. Unpublished fragmented manuscript of 80 pages.
1997 Le Récit de mon aventure. 27 pages. published by Mller (2024a) The story of my
adventure Computer Aided Geometric Design 110, 102278

as well as numerous letters

English texts are highlighted in red.



Citroen Go

The first car with a completely CAD-designed body (August 1968).*

*The body of Peugeot 104 was finished six months later, end 1968, early 1969, based on UNISURF.

(Poitou 1989:39)



His ..., Geometric Works

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



De Casteljaus algorithm

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



"The" Algorithm aese
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Flg. 4 — Mathématisation dune courbe

— P1, P2, P3, P4, P5 : poles de la courbe
~— M : point courant
— PI, P2, P5, P4 : tangentes en P1 et P5

-- IT : tangente en M
— Expres ion veclorielle générale
P -
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1971, “Krautter/Parizot”
(1975 discovered by Boehm)

| Automabiles André Citroin. >
!

Les propriétés des courbes et surfaces d
poles ont été étudifes par une équipe
dirigée par M. de Faget de Casteljau.
Le texte ct-dessous relatif a ces courbes
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de Faget de Casteljau

Bézier: 1966, 1967, 1968abcd, 1969, 1970, 1971, 1972ab, 1973, 1974, 1976, 1977 (Diss.),




[terative Functions I aieady1gs0)

Evaluate a given polynomial (extrapolation)

Polynomial: Pt =at" +a, "'+ .. q,
using central differences and Taylor:
h h h3 2k+1 .
t+=)—p,t—=)=hp/{) + —p/" () + ... ————p2* (¢
Palt+2) = pult = 5) = hpy(0) + 322 () ot I ®

. h h
as well as the recursions q@) = q(t,h) = p,(t + 5) —pu(t— 5) = hq,_,(1)

or t—tﬁ—t—ﬁ—h tﬁ— t—ﬁ =h%r _(t
r()—‘]( +2) CI( 2)_ qn—l( +2) qn—l( 2) - rn—2()

Thus, the values of a cubic polynomial P(r) are calculated by an initialisation (calculate n + 1 = 4 points as

well as nnt D) _ 6 differences) and by » = 3 additions for each step &:
plt+h) = p@+qlt+5h)
qt+3h) = q+Sh)+r(t+h)
r(t+2h) = r(t+h)+ K
plt+2h) = plt+h)+q(t+3h)

etc

Triangular Scheme:

<P,- =pt+ih),Qy = q(t+éh), )

Py

Q=P —P
P

Oyp=P,— P
P,

Osp=P;—P,
Py

O1p=0sp+ Ry

Py=P;+ 0y,

Ri=05,—-0ip
Ry = 05— O3
Ry=R,+K

R,=Ry+K

S3pp=R,—R =K

Ssp =K

(de Casteljau 1959, Rabut 2024)




[terative Functions 1l aready19s0)

Evaluate a given circular (trig) function I

Circular function: f()=acost+ bsint
. e - . sin(t+ h) +sin(t—h) = 2sintcosh ,,
with angular sum (/diff.) identities: cos(t+ ) 4 cos(t— ) = 2costcosh
et,h) = f(t+h/2) - f(t — h/2)
as well as recursions dit,h) = e(t + hi2,h) — et — hi2,h) = ft+h) =2f@)+f(t—h)
= (%) 2cosh(acost+ bsint) —2f(t) = —2(1 —cosh)f(r) =— Kf(¢)
it follows f+h)=2coshf(t) —f(t—h)  OF  fio=Kf —f,

Thus the values of a circular function f(¢) are calculated by an initialisation and by 2 additions (and 1

multiplication by k) for each step h:

fa+h) = fO)+et+5h
e(t+5h) — Kf(t+h)
ft+h) +e(t+2h)

e(t+3h)

f(t+2h)

etc

Triangular Scheme
(F,- =ft+ih), Eyp = e(t+ éh)’ >

Fy
Eyp=F -F
F D, =—-KF,
Esp=Ep+ D
F,=F +E, D, = —-KF,

(de Casteljau 1959)



[terative Functions 111 agsg

Evaluate a given circular (trig) function II (sin, cos)

circular function: f(t)y=acost+bsint

sin(t+ h) —sin(t—h) =
cos(t+ h)—cos(t—h) =

. oy . 2costsinh
with angular sum (/diff.) identities: COSTRIAR (o
—2sintsinh

cos((t+h)+h)—cos((t+h)—h) =
sin((t + 2h) + h) —sin((t + 2h) — h) =

—2sin(t + h)sinh = — K sin(t + h)
2 cos(t+ 2h)sinh = K cos(t + 2h)

follows

Thus a table of trigonometric functions is calculated by an initialisation
(calculate cost, sin(t + h), K = 2sink) and by 1 addition and 1T multiplication (with
a suitable K as binary shift) for each step &:

cos(t+2h) = cos(?) — Ksin(t + h)

sin(t+3h) = sin(t+ h) + Kcos(t + 2h)

cos(t+4h) = cos(t+ 2h) — Ksin(t+ 3h)
etc

§g;hgm@:
(x,- = cos(t+ih),y; :=sin(t + ih))

Xy = cos(0) =1
y, = sin(h)

K = 2sin(h) =2y,
X = xo — Ky,

y3 = 1+ Kx,
Xy = X, — Ky3

Remark: The CORDIC algorithm by
Volder (Hewlett-Packard) was
published only end of 1959:

Algorithme G
trigonométrique
CORDIC

| L=+ x-angle(adians)

Al =conslante
i={gan}
n: precision
voulue

Tgx=Y/x

(Laporte 1981)



[terative Functions 1V aoso

‘the barycentric method” subdivide a given polynomial

A + gB . . . . .
_ L n q barycentre of points 4, B with masses p, ¢ — iterative evaluation

p+q

of point M,
1 L
Usep=g= 5 subdivided control polygons AGIM and MJKD (de Casteljau 1959). Tranoulor Sohoroe
With a =% =(l-nand pg= q =t we get:
p+q p+aq

Thus, the values of a cubic polynomial P(r),r € [0,1], that is represented by a A
control polygon ABCD, are iteratively calculated by n(n + 1) = 12 G =aA + B

- . nn+1 . —
multiplications and "+ _ ¢ additions. B I'=aG+pH

H=aB+ C M=al+pJ
Remark: An upfront calculation of Bernstein polynomials reduces it to (n + 1) = 4 multiplications and C J=aH+ pK
n = 3 additions. p K =aC+ D
The iterative approach also delivers tangent dMm = 3(1 - J)Tp and curvature D
p+q

—-—=2
. 3 AB . .
radius R, = = at M (where H is foot of the altitude from C to AB).




[terative Functions V aese  +,

‘the barycentric method” genesis c
Three different hypotheses for de Casteljau’s “DIY”

approach in 1959:

A. (arithmetic) Take iterative function | and
replace the difference P, — P, by an addition
aP, + pP, (Rabut 2024)

B. (geometric) Construct a parabola’s point
and tangent from 3 “poles” and 2+1 points,
generaliseton =3 .

C. (numerical) Take iterative function | and o
k .
evaluate r = - e [0,1] instead of

t=k-he€l[0,00]




Trlangular Surtaces ready 950

(1963 tensor product surfaces)

Together with 10 points A, . . ., J, the barycentric (triangular) coordinates p, g, r define a point

P of (triangular) surface:

(p+q+7rP°P=p°A+q¢’B+r’C+3p>gD + 3¢*rE + 3r’pF + 3pq*G + 2qr*H + 3rp*I + 6pgrJ

?030

C300

GENERALISATION o« cas des surfaces

Une surface peut de la m@me fagon s'éerire sous forme

de polyn8me 2 deux variables x/u,v)ou & trois variables homo-
gtnes X //99 /-) -

10 points de définition sont nécessaires, 1le point 7
Stant donné par

601‘97!1‘/3:‘/03/77" G’ B#r3C+3p% Dt 39 E+ 3rpF+ 3pg° Gt 3grH+ 3rplt GpgrT

en faisant varier pet o de fagon que p+g= C¥ _, = Cte
on obtient une famille de courbesy on définit ainsi 3 familles|
pP=C% o = cte , = C0te par un point de la surface il passe

done 3 courbes simples.

P2108_10




Polar Forms (1983, 1986)

aka. Blossoming

xX[t),...,t] ;= Z po’ is the polar form of the polynomial curve x(r) = Z P, <n> ", with
l
=0 i=0
elementary symmetric functions ¢! = 61,1, ..., 1) = < > t'. This approach allows to display @

l
curve and its control points in an integral manner. Obviously, x[t, ..., ] = x(¢) represents the curve
itself, furthermore some parameters represent interesting control points:

[O{t] [ttt]
/ — x(t) i [t23]
[222]
co = [000] _ [ _
0 de Casteljau a0 = [000) Aitken
! n =23 ! az = [333]

n=3 c, = [111]
by by

tn ty Tt 2




[ndex reduction

All three algorithms are based on the multi affinity of a polar form:

x[ty, =t 1@ = xlty, - 1,_1@) - A —a) + x[t,---,1,_,12,) -«
Mmit a=
= xltg -t 4]l —a) + x[t, 1] fh— 1,

where x[t,, ---,t,_,1(r) depends on (n — 1) variables, while x[z,, ---,z,_,] as well as x[¢, ---,¢,] are defined by n

variables. The evaluation of ¢ reduces the polar form by one index/variable.

x(t)

Remark: Geometrically, this is related to the reduced
degree of the osculant: A x(7) = x(r) + <=L - x(?)
(Haase, 1870)

n

(Boehm/Prautzsch, 1994)



Algebraic Smoothing

“The” algorithm
Algebraic smoothing
Metric geometry:

focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



Algebralc smoothing aees iess)

‘interpolation par polyndémes ecrits sous forme polaire’— formes a poles’

In three steps, we will generate the (Bézier/de Casteljau) control points for some curve segments of
degree n, which smoothly (C* connect ¢ given points, that we assume to lie on curves of (sampling)
degree r, respectively. Let's consider the example (n, k, r) = (5,3,3) with g = 6:

1. Lagrange interpolation with restititutional degree r (delivering a,),

E.g. r =3: with g = 6 given points a_,, ---, a5, we have ¢ — r = 3 polynomial each interpolating r + 1 = 4 points,
Ly o1 ° ¢
also Ly

L0123

2. Polar form of degree n with c*-continuity (delivering b)) by (n — k)-fold indexes (knots),

E.g., n—k =2, thus 2-fold indexes, which leads to the following polar forms of degree n = 5:
[-2-1-100], [-1-10071], [(10011], [00112], [01122], [11223]

3. Bézier curve (delivering ¢,) by index repetition (knot insertion)

(de Casteljau 1983)



The configuration (n = 5,k = 3,r = 3)

X3 =3x2+2x =2 —x+2 X =x?=2x X —x
6 a_1+ ) ao+ )

= L_jgp(0) =

L_101n[—1,0,0,1,1]

Il
/
._.|._.

0 2 1 -3 —1 1 2 —1 2 —1
et —6+E _—6+W'_—6)a—1+(3+ﬁ+%+%)%

1 —1 0, -1, 0 , -1
+ + _zo+_—zo)al+(z+%+5+a)az

= 5[—6 57 12 =-3][a-1 3y a; a;]

/‘\
N|° u-|»-n

L_101,[0,0,1,1,2]

=[=3 12 57 —6l[a- a a; ay]

v

—2,-1,-1,0,0 ~1,-1,0,0,0 ~1,0,0,0,0 0,0,0,0,0
~1,-1,0,0,1 ~1,0,0,0,1 0,0,0,0,1 0,0,0,0,1
~1,0,0,1,1 | x| 00011 | & |0001,1 ]|« [0001,1

0,0,1,1,2 | 7| o00,1,1,1 |~ |o001,11]| 7 [0,011,1
0,1,1,2,2 0,1,1,1,2 0,1,1,1,1 0,1,1,1,1

1,1,2,2,3 1,1,1,2,2 1,1,1,1,2 1,1,1,1,1




The configuration (n = 5,k = 2,r = 4)

L= x+ Dx(x—1D(x—2)
(=2 = (= D)(=2=0)(=2 = 1)(=2=2)

1 1
> b (=2:2:2- 141 1-(=1)- Da,+ ...




The configuration (n = 5,k = 4,r = 1)

Ny =1
T o-1
P

-l = =X

(1-0)

L] 1-5 1 1
> o715 (D (= 1)y




Algebralc smoothing

(degree n, continuity k, restitution r)




Algebralc smoothing

high continuity (54.1) vs. high restitution (5,24)




Algebraic Smoothing

Optimal Smoothing, comparison with B-Splines

1 high restitution



de Casteljau’s four principles

for working with curves and surfaces

1. To avoid the infinite and cyclical points, ALL intermediary construction points must be on the piece of
paper, which condemns rational splines (unless weights are composed of squares, therefore positive)

2. The tool works only on one point at a time. That makes the notion of a parameter seem logical, as you
do not have to choose between multiple solutions.

3. Only the real domain is accessible. All passage through complex concepts remains dangerous.

4. All too often, the physical nature of mathematisation is forgotten, especially the concept of ‘error
calculation’. It is advisable to avoid indeterminate forms and leave them to Calculus, e.g., the differences
of two very large numbers or the quotients of two small quantities. These considerations are well
disguised when it comes to matrix calculus or least squares, which have the appearance of confidence-
inspiring accuracy while approaching “overflows” or “underflows”. | can’t warn enough against giving in to
the illusion of getting everything right while acrobatically teetering on the edges of the abyss.

(de Casteljau 2006)



Metric Geometry

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



Metric Geometry ugoes 1905

Dualities

¥ '- :
T 1-—.~‘~A\
i K g - \.\'
i s \.\
: /./ .\'
§ i I 3
G i D i -4 P
odf2] dj2 i i
i Vo e i
! ——
i G“\ /" D
‘ 9 '\\ . —.’.’ -
1 \ e
i , b
! '-.
2 points define their distance, 2 lines define their angle. symmetry axis of GD is perpendicular symmetry axes of GP, PD are angle
cut into two perpendicular bisectors cut into two angle bisectors bisector IJ which halvens distance GD. bisectors PI. PJ, which halven angle GPD




‘Her Majesty, the Circle’ s

and Their Highnesses the Focal Conics - and not just curves of second degree

Orthocentric tetragram:
Apollonian (orthogonal) circles: The tangent to the ellipse in P is the
The tangential distance PT to the circle normal of the confocal hyperbola.
is equal to the reflection line PORS elliptic’ circle passing through G, D and
O, M, N, P are also centers of the ex-/ ‘hyperbolic’ circle limited at G, D
inscribed circles to orthic triangle ABC

Each of the points O, M, N, P is orthocenter
of the triangle of the remaining three points.

The tangent to the hyperbola in P is the
normal of the confocal ellipse



Focal Splines

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



Focal Splines asu

The tangential distance of a point G to a circle is equal to the
reflection lines Gi = GH, j = GE,j. Thus

Gi+jD = Gk+jD=GE,+Ej+jD = GE,+ED
= Gi+hD=Gi+iEy+ED = GE,+ED
=  Gi—jD+(jHy—Hy) = GHy—H,D

So, points E, lie on an ellipse and points H; on a hyperbola.

Even more: as E,T, is tangent, we can subdivide and find a circle
around Ty at some angle ¢ : 7, which leads to E, on the ellipse.
This forms a recursion and can be generalised to splines via polar
forms.

(remark: think of compound trajectories, e.g., moon-earth-sun)

(de Casteljau 1994, Boehm/Mdiller 1999)



14-point strophoid

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



De Casteljau's 14 point strophoid

Theorem (14 point strophoid)

Given a complete quadrilateral, then 14 points lie on @
strophoid:

- 1center T of the incircle to a complete quadrilateral
(counts twice)

- 6 intersections of the complete quadrilateral A, B,
Ag, By A3, By

- 3feet H,, H,, H; of triangles A;B,T

- 3intersections K, K5, K5 of an A;B; parallel through
T with perp. bisector

Theorem (9 point circle)
Given a triangle, then 9 points lie on a circle:

- 3 midpoints of each side of the triangle

- 3feet H|, H,, H5 of the triangle’s altitudes

- 3 midpoints of the line segment between each
vertex and the orthocenter



De Casteljau's 14 point strophoid

we start with a Complete Quadrilateral

Theorem (14 point strophoid)

14 points lie on a strophoid:

- 1Tcenter T of the incircle to a complete quadrilateral (counts
twice)

- 6 intersections of the complete quadrilateral A, B, A,, B,,
A3, B3

- 3feet H,, H,, H; of triangles A;B;,T

- 3intersections K, K,, K5 of an A;B; parallel through T with
perp. bisector

Even more:
H\K,, H,K,, H;K5 meet in O on the strophoid (point 15).
A
1

La Stropho'{o\e diametrale des 14 points



Cconjugate Mirrors

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



COD] ugate MIIrTors aom

A mirror/string construction with £ > 1 degrees of freedom

A wavefront from B to A has same
distances (Fermat) via:

BDA = BDIA
= BEA = BJEA
= BJIA = u+v+w=2a

l.e., instead of one mirror at D, we can
put two conjugate mirrors at I and J,
whose tangents meet those at D and E
inapoint 7.,,..

Even more, the perpendicular bisector
of the intersection K of both rays (A7 and
BJ) is perpendicular to KT,,; and K lies on
a (Thales) circle symmetric to the main
axis AB, which meets KT,, in R.




Conjugate Mirrors

From IJ = kJ — kI = iJ — jI follows

2a = Al+ 1]+ JB
=  Al+ (Jk—Ik) + JB
=  (AI—jI)+ (iJ + JB)

= iB — jA
= KB+ iK — (KA — Kj)
or further

KB — KA =2a - 2K,

with K,, = ik = Kj. ' o

This observation is independent of
LJ.



Conjugate Mirrors

TLir
Furthermore we get Mo, T /
I, = J, = K, = I +J + K ¢ i S
Ivr Jrv Krr -I + J + K “l b
L, = J, K, = I —J + K P\
I, = J, = K, = I +J - K

for the distances of 1,J,K to
the inscribed and escribed
circles T.. to triangle 1JK. From
observations such as |
K,+1,=Kj+jl=KI we e
identify

Kl=2I, TJ=2K, JK=2J




Conjugate Mirrors

For the distance 17 we find

IP=wt = (20— u =y’ and thus
= (ucos2a+vcos2f —2c)* + (usin2a + v sin 23)*
w? = 4a® — da(u +v) + W? +v* + 2uv)
u® +v? + 4c? + 2uv cosQa — 28) — 4cu cos 2a — dev cos 2
0 = 4@a®—-cH—4u(a — ccos2a)—4v(a — c cos 2) + 2uv(l — cosLa — 23))
0 = (a® — ¢?)—(a — ccos’a + csin® a)u—((a — c)coszﬂ + (a + ¢)sin® Ay and

+2(1 = (cos 2a cos 28 + sin 2a sin 23))uv

uy a+c a—c | v a+c a—c a?—c?

1 [cosza + sinza] 1 [Coszﬂ n sinzﬂ] %_’_ sin’(a — f3)

finally another polar form:

. . . . 2
[1 cos’a sm%c] [1 cos? s1n2ﬁ] [cosacosﬂ+51na31nﬂ

% a+c a—c a+c a—c

(Gregory telescope with positive sign, Cassegrain with negative sign)

'l‘l'I'I‘I'I'I'l'l'll‘l'l'l‘"l'l'iIl'l'li’l‘l'l‘l’i’i’l TR AT AT

H’,g,\u‘o ulsement .

C}ssv\m}»q a
L

(de Casteljau, letter to Farouki, 1991)



Conjugate Mirrors
The Tebound

Let us construct the unknown conjugate mirror points 1, Jy.:

Given B_J,_1,A_, we can travel back an identical length
from A, to B, (Fermat’s principle):

At I, the ray is reflected along the I -tangent to b,.. If reflected

at some (unknown) J

41, the ray returns to B, so 1, b is equal

to 1,J,.1B,. From the earlier duality we get the section
bisector b, B, is the angle bisector at a reflection. So, the

intersection of b, B, with I b, delivers the position of J, ;.

We repeat the construction with the ray B_J, to find I, ., at

the intersection of J, . ;a., with the section bisector a, A_ etc.

(de Casteljau,, 1991)



Regular Polygons

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C



Regular Polygons

Pythagoras, Ptolemy, Polygons

Ptolemy’s theorem is a polar form of Pythagoras’ theorem:

ON .MP = OP .MN + OM . PN

While P walks along (half) the circle / polygon, we get several relations:

dd, = dd+dd_, d(d,—d_) = dd
dqdr—l = dp+1d1 + dqdr—Z dq(d -1 dr—2) = dp+1d1
: - :
dqd2 = dq—ldl + dqdl dq(dz - dl) = dq—ldl
dd, = 44,

Theorem (golden ratios)
The diagonal lengths d; in an n-gon, n = p + g + r, fulfil the equation

d—dy _dy—d,  dy—d 4 g,

d,

dp+1 dq—l dq - Z?=p di

dt o=

ey

e

iy + cay

D

DABC =DB.CA+ DC.BA




Regular Polygons

SO8RBT

w o ut = d wpdt=1¢" ud + d* = 1* wl + ud = di

t—d d- t . . .
et ,where the variables represent the polygon diagonals ordered in french numbers un,

For a heptagon, we thus get the relations

u d t u+d+t
deusx, trois.
& = w+ur )
5 2_di (D) u wr ?-d* d*-u?
The Ptolemy relations deliver (P walks from 12h down to 5h): ¥ asamatrix: (u d #d| = |ua @& 2-u2
> = d’4ud () / )
ut dt t
dt = ut+ud (O)
cod At 1) & (O
7 " a3 T v ih&O (+d—dt+d)—d = B+Pd-2li-d® = 0 =t
2 2 — —_ — 2 = 32— 2 3 = . . —u
orT® _ M _ 4 un&) . whichleadsusto T WEHWE=0 =1 w2 O with solutions x, = =~
t t—u d-wd+uwd-w-ud = &—du-2d+uw’ = 0 J
42— u> d 3, .2 A5y _ ==
u _ u = ¢t (H&0) thus xW+x —=2x—-1 = 0
u d—u
. . . . . T -U D .
Due to a recursion originated by de Casteljau, U=1#,D =d +t,T = u + d + t, we get better approximations > TD and thus a sequence of matrices
001 111 123 14 25 31 157 283 353 u* P —d* d*—u?
M=M= 1|, M*=1|1 2 2|, M*=|2 4 5|, .., M°= |25 45 56|, ... M°= {283 510 636|, ... M®=|ud d*> F-u?
123 356 31 56 70 353 636 793 w o di 2






The heptagon's complete quadrilateral

Seven points:
Sommet, Un, Deux, Trois
and Eins, Zwei, Vier

We observe:

- four times a sequence with
diagonal lengths u (IZESK),

d (KVZSJ), t (JEVSI)

- each angle in the clockwise
sequence is ij*>-times the
preceding one (i* =1 =)

- similar triangles JES, S1Z, VEZ, VSK

T




Ratios beyond Golden

. o b b
Two lengths a < b are in a golden ratio, iff i=—=<I>, or| b =191 la bl
b a a+b 11
2 2 2
The sequence of matricesM=m' = |0 1, az= |V M =323, ., mo=[3* D | ye=| b -a
9 11 ) 58 : 55 9|0 7 ab b

. b2 —a*> a+b b ab
approximates @ = = =—
a

= =—, where @ is solution of the quadratic equation ®* = ® + 1
b2 —ab b a?

6 11 14
Three lengths u < d < t approximate the solutions of x* + x> — 2x - 1: xlzﬁ X == x3=_iu, M= |11 20 25

14 25 31
Five lengths u < d < t < g < c approximate the roots of x* +x* = 4x* = 3x2 4+ 3x +1=0:. x5 =< x,=—F x=24 x=-

5 9
9 17
12 23
14 27
15 29

12
23
32
38
41

14
27
38
46
50

15
29
41
50
55



16D+3C

“The” algorithm
Algebraic smoothing
Metric geometry:
focal splines, 14-point strophoid, conjugate mirrors, regular polygons
16D+3C




16D+3C @6 droites + 3 coniques)

A picture Is worth a thousand words” - yet 1t's about combinatorics

Steiner (1827)

Three Pascal lines of the inner conic intersect at one
single point BCD. Assuming a clockwise numbering of

Desargues (1636)

Five planes A, B, C, D, E intersect in ten lines AB, AC, ...,
DE. While B, C, D intersect in a point, the intersection of
the six inner conic points, these hexagons are in the

the remaining planes A, E forms the axis of
order 163452, 143256, 123654.

perspectivity, each of the hexagon vertices working as
centres of perspectivity.

Poncelet (1822)

The outer hexagon circumscribes the middle conic and
is inscribed in the outer conic. Thus, there is an infinite
number of such hexagons.

Pascal (1639)

Six points on the inner conic form three pairs of
opposite sides which meet on the line AE. The
figure includes ten such conics, which pass by six
of the 15 intersection points. These 60 lines form
the Hexagrammum Mysticum.

Kirkmnan (1850)

Three Pascal lines of the outer conic intersect at one
single point BCD. Assuming a clockwise numbering of
) the six outer conic points, these hexagons are in the
Brianchon (1810) order 135264, 351426, 513642.

The principal diagonals of the hexagon that is

circumscribing the middle conic, intersect in one e - } o S - AT
. . e - . BE .~ i ' ! b
single point BCD. There are ten conics inscribed in a e | q e 8
. "r - 1 ? \s~\ N
such hexagons, each formed by six of the 15 o AB_ -~ - | ~DE Y
. . ’r' or: ] 1 i ~
possible lines. olf P AC '\ ! CE . i
/r' = 22098 \ ! ~~~~ \\
"l‘ ,’4 1 ’l \\\\‘ \\
S (¥ o N
- 2 | oL )
/f Bl I II LN \\
’ U ™y
P e T
ABE =~ YACE s ADE

AE (de Casteljau 1999)



Review

Whilst Paul de Casteljau is now famous for his fundamental algorithm for the generation of
curves and surfaces, little is known about his other findings. This talk provides insight into
some of his lesser known geometric discoveries. In connection with geometry, his classical
algorithm is reviewed as an index reduction of a polar form. This idea is used to show de
Casteljau’s algebraic way of smoothing, which long went unnoticed. The talk will also unveil
unpublished material on metric geometry, covering theoretical advances such as the 14-point
strophoid. Practical applications, including a recurrence approach for conjugate mirrors in
geometric optics, will also be discussed. A view on regular polygons leads to an
approximation of their diagonals using golden matrices, a generalisation of the golden ratio
...and of Gauss' 17-sided polygon to any regular n-gon.
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Review: The many polar forms

011

001 B r 5
Ch. -
Y, : \: N»’\/ ’ i
1 C C
004
A Syt ledy, — iy + cey
000

=]

DADC - DR.CA L DCBA

Ptolemy as polar form of Pythagoras
polynomial polar form

1_ sin2 a _ cos a 1_ sinzﬁ _ cos? _ +sinasinﬁ + cosacos f 2

u a+c a—c v a+c a—c —  atc a—c

1 cosa sin? a 1_ sinzﬁ _ cos? § + +cosasinﬂ _ sinacosf = 0
u atc a—c v atc a—c - ate a—c

1 cosla | sinfa 1 cos? sin’ €os & cos sina sin

1y e sifa Lycolp  sin?p] _ [eosacosp  sinasing

u atc a—c v atc a—c a+c a—c

1 sin? o cos? a 1 cos? sin? p sinacosff _ cosasinf

-—— = -+ —+ — + —_—F — = 0
u a+c a—c v a+c a—c atc a—c

(bi-)polar form in conjugate mirrors

heights as metric polar form
lead to orthocentric tetragram

i=1:
i=2:
i=3:

focal polar form

9
ay=a;x - x;=—
0 =4 1 a
9o
ag = (a; + ax)x A S
a;+a,—
1T a
0
ag=(a; +(ay +azx)xy)x — x3= —
al+a27a1
a, +a3;—
2 3a2

(Newton)

(Whittaker)

(continued fractions)

polar form in analysis



My greatest satisfaction will be
to see this presentation mspire
new works, complements, or
applications,
regardless of their field of
application.

de Casteljau (1986)

Paul de Casteljau after his presentation of Focal Splines in Chamonix, 1993
(right: Jean Charles Fiorot)
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