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1959 was just the beginning…

1959

“Méthode Barycentrique”

1986

1974 2001

1994

16 lines & 3 conicsFocal Polar Form

1990

Algebraic Smoothing (Blossoming)

14-point Strophoid

1995

1999

Geometric Euclid 

Division

Antiquaternion

Beyond Golden Ratio

Letter to Hartmut

2010

Conjugated Mirrors



Four sides of  
the same coin?

« Je me gausse de GAUSS » « Le   est remarquable ! »P7
« On croit rêver »



What’s in a name … ?



“I make fun of Gauss”

« Je me gausse de GAUSS »



Carl Friedrich Gauss (1777-1855)

Gauss vs. de Casteljau

  

has a solution  and those of . 

Gauss’ first trick is a division by  to get:   (*) 

His second trick is the substitution  which leads to: 

  

Insertion back into (*) shows the 7gon’s minimal polynomial: 
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de Casteljau’s Polygon Theorem

Gauss vs. de Casteljau 

Ptolemy’s theorem is a polar form of Pythagoras’ theorem: 

 

While  walks along (half) the circle / polygon, we get several relations:  

 

Theorem (golden ratios)  

The diagonal lengths  in an -gon, , fulfil the equation 

 

ON . MP = OP . MN + OM . PN

P

dqdr = dpd1 + dqdr−1 dq(dr − dr−1) = dpd1
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⋮ → ⋮
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Two ideas at night

Gauss vs. de Casteljau

up:
U = t

D = d + t

T = u + d + t

« Ange » 

3 diagonals 

not 7 points

« Archange » 

a recursion 

scheme

down:

t1 = t − d

d* = d − u

u1 = u − d *

d1 = d* − t1



Gauss vs. de Casteljau

 

         

which aligns with the table  

  

M = M1 = [
0 0 1

0 1 1

1 1 1
], M2 = [

1 1 1

1 2 2

1 2 3
], M3 =

1 2 3

2 4 5

3 5 6

, …, M6 =

14 25 31

25 45 56

31 56 70

, …, M9 =

157 283 353

283 510 636

353 636 793

Mk =

Rk−1 Vk−1/2 Rk

Vk−1/2 Rk−1 + Rk Vk+1/2

Rk Vk+1/2 Rk

Rk 0 1 1 3 6 14 31 70 = Vk−1/2 − Vk+1/2

Vk+1/2 0 1 2 5 11 25 56 126 = Rk+1 − Rk−1

det(M − λI) = det

−λ 0 1

0 1 − λ 1

1 1 1 − λ

= − λ
3 + 2λ

2 + λ − 1 = 0

Paul de Casteljau (1930-2022)



The regular heptagon is remarkable!

« Le   est remarquable ! »P7



The heptagon’s complete quadrilateral

Seven points:  

Sommet, Un, Deux, Trois  

and Eins, Zwei, Vier 

We observe: 

- 5-sequence with diagonal 

lengths , , 

 

- each angle in the clockwise 

sequence is -times the 

preceding one   

- similar triangles  

u (IZESK) d (KVZSJ)

t (JEVSI)

ij2

(i4 = 1 = j3)

JES, SIZ, VEZ, VSK



What’s in the third degree?

« On y passe des heures passionnantes … le 3ème dégré ! »



You think you’re dreaming

« On croit rêver »



Continued fractions as polygonal rhythm

Hermite’s Problem (1848)

rational numbers:  

 

quadratic irrationals:  

 

cubic irrationals:  

1

3
= 0,333…

2 = [1; 2,2,2,…]

3
n = [a0, a1, a2, …?]

DH =

H0 H1 H2 H3 H4 ⋯

D1 H0 H1 H2 H3

D2 D1 H0 H1 H2

D3 D2 D1 H0 H1

D4 D3 D2 D1 H0

⋮ ⋱

H0 =

0 0 0 1

1 0 1 1

−1 1 0 0

1 0 1 0

… H3 =

25 31 56 70

45 56 101 126

11 14 25 31

20 25 45 56

D0 = H0

0 0 0 1

1 0 1 1

−1 1 0 0

1 0 1 0

… D3 =

−14 5 −9 5

19 −9 10 −4

−28 14 −14 5

33 −14 19 −9

← . . . H2D1D0H1H2 . . . →

X = A +
1

X − B
+

1

X − C



Geometric Logarithm



I love indicating in two short lines, that you can say much more than you can in several pages.

« J’adore montrer en deux courtes lignes, qu’on fait bien mieux qu’en 
plusieurs pages.»

« Je me gausse de GAUSS » « Le   est remarquable ! »P7
« On croit rêver »



In research you have to be versatile! It’s all about algebra, 
analysis, calculus of variations, and all the ‘geometries’.

Dear Hartmut, 

may your next chapter be as inspiring as a letter from de Casteljau - 

full of surprises, deep insights, and free from the pressure of 

deadlines. 

Happy Retirement!


